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E-mail address: f.greco@unical.it (F. Greco).An analysis of the effects of microscopic instabilities on the homogenized response of heterogeneous sol-
ids with periodic microstructure and incrementally linear constitutive law is here carried out. In order to
investigate the possibility to obtain a conservative prediction of microscopic primary instability in terms
of homogenized properties, novel macroscopic constitutive stability measures are introduced, corre-
sponding to the positive deﬁniteness of the homogenized moduli tensors relative to a class of conjugate
stress–strain pairs.
Numerical simulations, addressed to hyperelastic microstructural models representing cellular solids
and reinforced composites, are worked out through the implementation of an innovative one-way cou-
pled ﬁnite element formulation able to determine sequentially the principal equilibrium solution, the
incremental equilibrium solutions providing homogenized moduli and the stability eigenvalue problem
solution, for a given monotonic macrostrain path. Both uniaxial and equibiaxial loading conditions are
considered.
The exact microscopic stability region in the macrostrain space, obtained by taking into account micro-
structural details, is compared with the macroscopic stability regions determined by means of the intro-
duced macroscopic constitutive measures. These results highlight how the conservativeness of the
adopted macroscopic constitutive stability measure with respect to microscopic primary instability,
strictly depends on the type of loading condition (tensile or compressive) and the kind of microstructure.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Heterogeneous solids characterized by a composite microstruc-
ture, such as cellular solids, particle and ﬁber-reinforced materials,
are frequently adopted in high performance engineering applica-
tions since their microstructure can be designed to optimize their
macroscopic properties according to the speciﬁc application, thus
improving the mechanical properties of single microconstituents
and obtaining superior efﬁciency in comparisons with conven-
tional materials. As a consequence, an accurate prediction of the
macroscopic material response of such materials in terms of the
microscopic behavior of their constituents, is extremely important.
Unfortunately, an accurate analysis of the macroscopic response of
heterogeneous materials taking into account a precise description
of microstructural details, requires a notable computational cost,
since the scale of variation of the constitutive properties, namely
the microlength scale, is usually several orders of magnitude smal-
ler than the characteristic dimensions of the structure.ll rights reserved.
ructural Engineering, Univer-
+39 984 496916.The macroscopic response of heterogeneous materials can be
given by using various ‘‘homogenization” techniques, which allow
to replace the heterogeneous material by an equivalent ‘‘homoge-
neous” material.
In the case of linear elastic solids, after some initial contribu-
tions (Hashin and Shtrikman, 1962; Hill, 1965), exact mathemati-
cal approaches based on the mathematical procedure of multi-
scale perturbation and adopting a periodic model for the micro-
structure, have been proposed (Benssousan et al., 1978; Sanchez-
Palencia, 1980; Hassani and Hinton, 1998).
For non-linear heterogeneous solids, the mathematical model
must account for non-linear effects related to both the microgeom-
etry and the local constitutive law, since when a classical homog-
enization procedure is adopted, the macroscopic behavior of
microheterogeneous material at ﬁnite strains may be often not
representative of the microscopic behavior of its constituents due
to possible instability phenomena occurring at the microscale.
The central difﬁculty arising in the homogenization of non-linear
elastic composites is associated to the non-convexity of the micro-
scopic strain energy density function. As a matter of fact, in the
simple case of convex microscopic strain energy functions, as
shown in Marcellini, 1978, the homogenization problem can be
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averaged strain energy density with respect to ﬂuctuation ﬁelds
periodic over a unit cell, leading to deﬁne the representative vol-
ume of the microstructure as one periodic cell. On the other hand,
the constitutive response of real materials cannot be represented
by means of convex energy functions, since convexity is a too
strong requirement from the physical point of view (Hill, 1957;
Ball, 1977). As a consequence, for general non-convex microscopic
strain energy functions, which contrarily to the strictly convex case
do not preclude non-uniqueness phenomena on the microscale, by
virtue of the notion of C-convergence (De Giorgi, 1979), Müller,
1987 deﬁned an homogenized strain energy density function for
heterogeneous periodic microstructures corresponding to the min-
imization of the averaged strain energy density with respect to
admissible ﬂuctuation ﬁelds that are periodic over an a priori un-
known ensemble of periodic cells (possibly inﬁnite). It follows that
the extent of the representative volume of the microstructure must
be enlarged in such a way to describe the energy minimizing buck-
ling modes, to take into account the possibility that by minimizing
the energy over larger domains containing more unit cells, a lower
homogenized energy value may be found.
In the study of solids with heterogeneous microstructure, the
stability analysis plays a fundamental role, since microscopic fail-
ure mechanisms in these materials are often promoted by instabil-
ity phenomena and owing to the fact that the stability analysis of
the microstructured solid establishes the region of validity of the
standard homogenization procedure based on unit cell calcula-
tions. In particular, the limit of validity for the homogenized mod-
els of the heterogeneous solid, can be evaluated only by comparing
the onset of the primary instability in the real microstructured so-
lid with the corresponding instability determined by using the
homogenized model of the solid.
An accurate stability analysis for composite solids with a gener-
ic microstructure must consider both classical buckling type insta-
bility modes, dominated by the microstructural geometric
conﬁguration and accompanied by a prevalently negative stress
state, and constitutive-dominated instabilities arising when tan-
gent moduli of the material reduce greatly attaining eventually
negative values and in presence of a positive stress state (Greco
and Luciano, 2005). A typical example of the former kind of insta-
bility is ﬁber microbuckling in laminated microstructures loaded
primarily in compression (Triantafyllidis and Maker, 1985; Miehe
et al., 2002), whereas the latter kind of instability may occur in cel-
lular and particle-reinforced microstructures when loaded preva-
lently in tension (Michel et al., 2007, for example).
In order to avoid an excessive computational effort, usually the
stability analysis of elastic composite solids with periodic micro-
structure is performed by using their macroscopic properties.
Unfortunately, when the stability analysis is based on the homog-
enized constitutive properties, microscopic instability mechanisms
cannot be accurately predicted and a direct analysis of the hetero-
geneous solid, including a detailed description of the microstruc-
ture, becomes necessary to determine the exact microstructural
instability mechanisms. On the other hand, several complications
arise in a direct stability analysis since ﬁnite changes in geometry
and in constitutive properties must be taken into account and ow-
ing to the irregularity of the geometry of the microstructure. It fol-
lows that, an accurate analysis of the interrelations between
instabilities occurring on the macro- and microscales becomes fun-
damental to investigate the effectiveness of a stability investiga-
tion based on the homogenized composite properties.
Several analyses on the effective properties of non-linear elastic
composites with periodic microstructure including investigations
on instability phenomena, have been carried out in the literature.
For instance, with reference to elastomeric composites containing
periodic holes, it was pointed out that at sufﬁciently large macro-scopic strains the homogenized incremental moduli tensor can lose
its strong ellipticity even if the microscopic tangential moduli ten-
sor satisfy the strongly ellipticity condition (Abeyaratne and Trian-
tafyllidis, 1984). Moreover, with reference to a two-dimensional
layered medium under axial loading characterized by a rate inde-
pendent constitutive law, a strict connection between structural
bifurcation at the microscopic scale and loss of strong ellipticity
condition for the macroscopic incremental moduli tensor was
established, by noting that when bifurcation occurs at a wave-
length much larger than the unit cell size then it corresponds to
the loss of strong ellipticity condition for the homogenized incre-
mental moduli tensor (Triantafyllidis and Maker, 1985). By using
the results of Müller, 1987, then Geymonat et al., 1993 proved
the connection between microscopic bifurcation and loss of macro-
scopic strict rank-one convexity in the framework of functional
analysis, for arbitrary solids with periodic microstructures. In this
work, it was also proved that if the wavelength of the bifurcation
primary eigenmode is much larger compared to the unit cell size,
the onset of the corresponding instability of the periodic principal
solution can be detected as a loss of ellipticity of the corresponding
one-cell homogenized tangent moduli of the solid.
A comprehensive treatment of the transition from micro- to
macrovariables of a representative volume element (RVE) of a ﬁ-
nitely deformed composite has been explored, starting from the
pioneering work of Hill, 1972, in Nemat-Nasser, 1999.
Numerical homogenization techniques based on ﬁnite element
formulations in the large strain context have been recently devel-
oped, for example, in Miehe et al., 2002 for elastic composites,
where a numerical investigation of the interaction between micro-
scopic andmacroscopic instability phenomenahas been also carried
out, and by Miehe, 2003 for inelastic composites by assuming that
the overall properties of the microstructure can be obtained by
theminimization of a suitably deﬁned averaged strain energy. Accu-
rate numerical determinations of the region of microscopic stability
and of the region of macroscopic stability, intended as the region
where the strong ellipticity condition for the homogenized moduli
tensor still holds, have been carried out for speciﬁc microstructural
models in Triantafyllidis and Bardenhagen, 1996, Nestorovic´’ and
Triantafyllidis, 2004, Triantafyllidis et al., 2006, and Michel et al.,
2007. The instability of ﬁber-reinforced elastomers has been also
studied in Lopez-Pamies and Ponte Castañeda, 2006a,Lopez-Pamies
and Ponte Castañeda, 2006b,Lopez-Pamies and Ponte Castañeda,
2009 by using the second-order tangent homogenization method
(Ponte Castañeda and Tiberio, 2000). Experimental and analytical
studies on the failure of ﬁber-reinforced polymermatrix composites
have been developed in a two-dimensional context by Kyriakides
et al., 1995. These studies have been extended in Hsu et al., 1998,
by modeling the composite as a three-dimensional solid, and in
Vogler et al., 2000, by considering combined axial compression
and shear loading. Fibermicrobuckling has been analyzed by adopt-
ing computational homogenization approaches in Grandidier et al.,
1992, Lee and Waas, 1999, and Drapier et al., 2001 to describe the
compressive failure of long-ﬁber composites.
In addition, conditions for microscopic symmetric bifurcations
in cellular solids have been developed by Ohno et al., 2002, in
the context of the homogenization theory in presence of ﬁnite
strains and by using an updated Lagrangian formulation. Moreover,
a numerical methodology able to solve non-linear homogenization
problems, including microscopic and macroscopic instabilities, and
based on a multilevel ﬁnite element approach, has been proposed
in Nezamabadi et al., 2009. Finally, the efﬁcacy of homogenization
techniques for microstructured materials of cellular type subjected
to large deformations has been analyzed in Cricri and Luciano,
2003, by comparisons between micro- and macroinstability mech-
anisms and adopting the Biot strain measure to deﬁne a macrofai-
lure surface.
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sure of macroscopic stability, based on homogenized constitutive
properties, for a heterogeneous solid with periodic microstructure
is that based on the strong ellipticity condition of the homogenized
moduli tensor. As a matter of fact, the strong ellipticity of the
homogenized solid incremental moduli or, equivalently, the strict
local rank-one convexity of the homogenized strain energy func-
tion, ensures inﬁnitesimal stability under Dirichlet boundary con-
ditions when the macroscopic incremental moduli tensor is
spatially constant and excludes solutions with discontinuous
deformation gradients (shear bands) in the homogenized material.
The strong ellipticity condition is able to exactly predict the onset
of microscopic instability of the periodic principal solution along a
monotonic loading process when the microscopic instability mode
is global in nature, i.e. its wavelength is much larger in comparison
with the unit cell size (this circumstance may occur, for instance, in
composite materials reinforced with relatively thick ﬁbers or in
particle-reinforced materials, loaded prevalently in compression).
On the contrary, an unconservative estimation of the primary
microscopic instability load is obtained by the above mentioned
macroscopic stability measure, in the more general case when
the instability mode is local in nature, namely its wavelength is
comparable to the unit cell size, since the homogenized moduli
tensor remains strongly elliptic at the onset of the primary micro-
scopic instability. The latter kind of instabilities may occur, for in-
stance, in cellular solids or in ﬁber-reinforced materials with
relatively thin ﬁbers (ﬁber-buckling).
In this work, a stability analysis on the micro- and macroscales
is carried out, both from a theoretical and numerical point of views,
in order to investigate alternative macroscopic conditions able to
provide accurate prediction of the microscopic instability mecha-
nisms in composite solids with periodic microstructure. Firstly,
with reference to incrementally linear constitutive laws, theoreti-
cal details about the homogenization problem and the stability
conditions related to the micro- to macrotransition, for a heteroge-
neous solid with periodic microstructure undergoing deformations
at ﬁnite strains, are provided. Then alternative macroscopic consti-
tutive stability measures are deﬁned, corresponding to the positive
deﬁniteness of homogenized moduli tensors associated with a
class of work conjugate stress–strain measures, and their ability
to obtain conservative prediction of the primary instability load
of the microstructure is investigated. After the description of the
numerical method proposed to compute the homogenized tangent
moduli, the microscopic and macroscopic primary instability loads
and the corresponding eigenmodes, numerical applications de-
voted to cellular and particle-reinforced composite microstruc-
tures with hyperelastic constituents of neo-Hookean or Gent
types, are provided. Finally, the results of calculations, given in
terms of microscopic and macroscopic stability predictions for dif-
ferent loading paths, are followed by the conclusions where these
results are commented.2. Theoretical formulation
In this section, the stability problem of a perfectly periodic
incrementally linear composite solid is formulated. The main
objective is to deﬁne the critical load level corresponding to the
ﬁrst loss of stability along a prescribed loading path, and to discuss
the stability estimates which can be obtained by means of the
homogenized composite properties. The section is divided into ﬁve
parts. In the ﬁrst four parts the main equations of the homogeniza-
tion procedure necessary for a better understanding of the subse-
quent developments are summarized, and the basic notation
used in the paper is deﬁned. Speciﬁcally, the macroscopic proper-
ties of a periodic microstructure are formulated in Sections 2.1 and2.2 and the microscopic stability problem, which requires the
examination of all perturbations of the equilibrium ﬂuctuation
ﬁeld periodic over a unit cell, is introduced in Section 2.3. Then
the classical macroscopic stability criterion based on the strong
ellipticity condition of the homogenized moduli tensor is also re-
called in Section 2.4. Results shown in Sections 2.1–2.4 can be con-
sidered essentially as review of the existing literature.
In the last part, the concept of macroscopic constitutive stability
measures is presented as a way to investigate the microscopic sta-
bility problem in terms of the homogenized properties of the peri-
odic heterogeneous solid based on calculations simply performed
on a unit cell. Novel macroscopic constitutive stability measures
are deﬁned by means of constitutive inequalities involving the
homogenized tangent moduli tensor associated to a sub-class of
work conjugate stress–strain measures. This is a central aspect of
this work which makes the paper innovative, since to the authors’
knowledge there are no similar macroscopic constitutive criteria
available in the literature. The above mentioned macroscopic con-
stitutive stability measures are also derived in an original way by
means a correct multi-scale stability analysis.
2.1. Homogenization methodology: microscopic and macroscopic
variables
Consider an heterogeneous solid whose periodic microstructure
is characterized by a unit cell occupying the domain Vi in the
stress-free undeformed conﬁguration. The unit cell generates by
periodic repetition the whole microstructure, which is assumed
to be associated with an inﬁnitesimal neighborhood of a generic
material point X of the corresponding homogenized continuum,
which in its initial undeformed conﬁguration occupies the region
V ðiÞ (see Fig. 1).
It is assumed that the scale at which the microstructure is de-
ﬁned (microscopic scale, lmicro) is small enough for the heterogene-
ities to be identiﬁed, while the homogenized continuum is deﬁned
at a macroscopic scale, lmacro, so large that the heterogeneities can
be ‘smeared-out’. The initial and current position vectors of a mate-
rial point of the microstructure are denoted by X and x. The non-
linear deformation of the microstructure, deﬁned by x(X):
V(i)? V, maps points X of the initial conﬁguration V(i) onto points
x of the actual conﬁguration V of the microstructure. The deforma-
tion gradient at X is denoted as F(X), where F = @x(X)/@X, and the
displacement ﬁeld at X is denoted by u(X), where u = x(X)  X.
According to a rate independent material model, the incremen-
tal constitutive law, governing the response at a microscopic point
X, is assumed linear:
_TR ¼ CRðX; FÞ½ _F; ð1Þ
where _TR is the rate of the ﬁrst Piola–Kirchhoff stress tensor, _F is the
deformation gradient rate and CR is the corresponding fourth-order
tensor of nominal moduli, a V(i)-periodic function of X. The rate of a
ﬁeld quantity is deﬁned as its derivative with respect to a time-like
parameter which increases monotonically with the evolution of the
loading process, since only quasi-static loading conditions are con-
sidered here. It is further assumed that the nominal moduli tensor
satisﬁes the major symmetry condition, namely CRijkl ¼ CRklij. Eq. (1)
is able to model a wide range of materials, such as elastic or hypo-
elastic materials. Speciﬁcally, when the microscopic constitutive
behavior is hyperelastic, the nominal moduli tensor and the
nominal stress tensor can be deﬁned as:
CRðX; FÞ ¼ @
2WðX; FÞ
@F@F
; TR ¼ @WðX; FÞ
@F
;
where W is the strain energy density function that is a non-convex
function of the deformation gradient F, @2W(X,F)/@F@F denotes a
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@Fij@Fhk and @W(X,F)/@F a second-order tensor whose components
are TRij ¼ @WðX; FÞ=@Fij.
Coherently with the classical assumption of the homogeniza-
tion theory, the macroscopic constitutive response of the micro-
structure is based on an equilibrium state neglecting volume
forces, implying that the local stress ﬁeld TR is divergence-free,
namely Div(TR) = 0 in V(i).
The macroscopic ﬁrst Piola–Kirchhoff stress and the macro-
scopic deformation gradient tensors are deﬁned in terms of bound-
ary data of the traction ﬁeld tR and the deformation ﬁeld x(X)
according to (Hill, 1972), respectively, as:
TR ¼ 1jV ðiÞj
Z
@V ðiÞ
tRðXÞ  XdsðiÞ; F ¼ 1jV ðiÞj
Z
@V ðiÞ
xðXÞ  nðiÞdsðiÞ; ð2Þ
where  is the tensor product and n(i) denotes the outward normal
at X 2 @V(i).
The microscopic deformation can be expressed as the following
function of the macrodeformation gradient F :
xðXÞ ¼ FX þwðXÞ; ð3Þ
where the linear part FX represents a homogeneous deformation,
and the correction part w(x), usually referred to as the ﬂuctuation
ﬁeld, is associated to a non-homogeneous deformation. As a conse-
quence the microscopic deformation gradient assumes the follow-
ing expression:
FðXÞ ¼ F þrwðXÞ: ð4Þ
It is worth noting that Eqs. (2) deﬁnes a coupling between the mac-
roscopic deformation of the macrocontinuum, characterized by the
macrodeformation gradient F in the neighborhood of a typical point
X, and the deformation of the microstructure.
Eq. (2)1 leads to the following constraint in terms of the ﬂuctu-
ation ﬁeld:Z
@VðiÞ
w nðiÞdsðiÞ ¼ 0: ð5Þ
which can be satisﬁed for periodic ﬂuctuation ﬁelds on the unit cell
boundary:
wðXþÞ ¼ wðXÞ on @V ðiÞ: ð6Þ
As illustrated in Fig. 2, the periodicity of the ﬁeld w(X) implies
that all components of w(X) assume identical values at points on
opposite sides of the boundary @V ðiÞ; @V
þ
ðiÞ and @V

ðiÞ, with outwards
normals nþðiÞ ¼ nðiÞ at two associated points Xþ 2 @VþðiÞ and
X 2 @VðiÞ, which are deduced by translation parallel to the direc-
tions of the periodicity vectors spanning V(i). By virtue of the as-Fig. 1. Representation of the homogenized solid and of the unit cell deﬁnisumed V(i)-periodic distribution of material and geometrical prop-
erties of the heterogeneous solid with respect to a unit cell, the lo-
cal boundary conditions equation (6) sufﬁce to completely
determine its mechanical response and guarantee a periodic distri-
bution of the stress and strain ﬁeld quantities. However, the
mechanical response of the heterogeneous solid at a given mac-
rodeformation gradient, can be determined by means of computa-
tions performed over one unit cell only when the equilibrium
solution of the microstructure is stable, otherwise an assembly of
unit cells must be considered. This aspect will be clariﬁed in the
following section.
2.2. Calculation of the macroscopic response
According to the incremental character of the constitutive law,
attention is now focused on the incremental homogenized re-
sponse of the solid. Suppose that the microstructure at a generic
stage of a quasi-static loading path FðbÞ (with the load parameter
bP 0 increasing monotonically with increasing macroscopic load)
beginning from the initial conﬁguration associated to the region
V(i) (i.e. with FðbÞ ¼ 1 when b = 0) occupies the region V deﬁned
by the deformation:
xðXÞ ¼ FðbÞX þwFðbÞðXÞ;
and driven by the macroscopic load FðbÞ. The deformed conﬁgura-
tion in which the microstructure occupies the region V, is assumed
to be known. The associated equilibrium solution is deﬁned in term
of the ﬂuctuation solution wFðXÞ at the given macrodeformation
gradient of the following unit-cell deformation variational problem:Z
VðiÞ
TRðX; F þrwFÞ  rdwdV ðiÞ ¼ 0 8dw 2 H1;pðV ðiÞ#Þ; ð7Þ
where H1,p(V(i)#) denotes the usual Sobolev space of vector valued
functions periodic over the unit cell V(i) = [0,1]N , and the abbrevi-
ated notation # appended to a region denotes the periodic proper-
ties of a ﬁeld on the boundary of the region. Analogously, the
antiperiodicity of a ﬁeld quantity, implying that the ﬁeld quantity
takes opposite values at points on opposite sides of the boundary
@V(i) of the unit cell, will be denoted by #.
The variational equation (7) is consistent with an equilibrium
state of the microstructure with anti-periodic tractions on the
external surface @V(i) of the microstructure and zero tractions on
the boundary @H(i) of the holes, as conﬁrmed by the associated Eu-
ler–Lagrange equations:
DivTR ¼ 0 in V ðiÞ
ðTRnðiÞÞþ ¼ ðTRnðiÞÞ on @V ðiÞ
TRnðiÞ ¼ 0 on @HðiÞ
8><
>: ; ð8Þng the periodic microstructure attached to a generic material point X.
Fig. 2. Deformed unit cell satisfying the periodic boundary constraints for the
ﬂuctuation ﬁeld.
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points X+ 2 @V+ and X 2 @V, respectively, whereas @H(i) denotes
the boundary of the eventual hole part of the unit cell. The equilib-
rium solution is determined by Eq. (8) up to a possible rigid body
motions which must be excluded by imposing artiﬁcial constraints.
The sequence of equilibrium solutions for the unit-cell deforma-
tion problem generated by the macroscopic loading path FðbÞ, is
referred to as the ‘‘principal solution path”, assuming a unique
solution for each value of the loading parameter b.
Consider the incremental equilibrium problem induced at the
microscopic scale by an incremental change in the macroscopic
deformation gradient _FðbÞ. Once the microscopic distribution of
the nominal moduli tensor CRðX; F þrwFÞ is determined by virtue
of Eq. (7), the following local problem can be solved:Z
V ðiÞ
CRðX; FÞ _F þr _w _F
h i
 rd _wdV ðiÞ ¼ 0 8d _w 2 H1;pðV ðiÞ#Þ: ð9Þ
In Eq. (9) _w _F denotes the incremental ﬂuctuation ﬁeld induced by_FðbÞ and determines the microstructure incremental equilibrium
solution with antiperiodic incremental tractions _tR 2 V ðiÞ#, i.e..
_tRðXþÞ ¼  _tRðXÞ on @V(i), vanishing tractions _tRðXÞ ¼ 0 on the
boundary @H(i) of eventual hole parts, and periodic boundary con-
straints, _wðXÞ 2 V ðiÞ#. Incremental rigid body displacements of the
unit cell, included in the solution to Eq. (9), must be excluded by
introducing appropriate constraints.
The fundamental identity _TR ¼ _TR, (Nemat-Nasser, 1999), stat-
ing that the increment of the macroscopic stress tensor is equal
to the macroscopic incremental stress tensor, in conjunction with
the following deﬁnition macroscopic constitutive response in
terms of the homogenized tangent moduli tensor CRðFÞ:
_TR ¼ CRðFÞ½ _F; ð10Þ
leads to determine the homogenized tangent modulus tensor of the
solid as:
CRðFÞ½ _F ¼ 1jV ðiÞj
Z
VðiÞ
CRðX; FÞ½ _F þr _w _F dV ðiÞ: ð11Þ
As shown in Eq. (11), the computation of homogenized moduli
tensor requires the knowledge of the local incremental problem
solution _w _F . In view of numerical applications, it is convenient to
obtain from Eq. (11) the components of the homogenized moduli
tensor as:
CRijhkðFÞ ¼
1
jV ðiÞj
Z
V ðiÞ
CRijmnðX; FÞ Ihkmn þr _whk
h i
dV ðiÞ; ð12Þ
in terms of the incremental ﬂuctuation ﬁeld _whk induced by unit va-
lue components of the macroscopic deformation increment _F ¼ Ihk,
where Ihkmn ¼ dmhdnk.As already noted in Geymonat et al., 1993, the homogenized
moduli tensor can be equivalently deﬁned by:
CRðFÞ½ _F _F¼ min
_w2H1;pðV ðiÞ#Þ
1
jV ðiÞj
Z
VðiÞ
CRðX;FÞ½ _Fþr _w _F 
_Fþr _w _F
 
dV ðiÞ
ð13Þ
and consequently its components can be computed as:
CRijhk F
  ¼ 1
V ðiÞ
 
Z
VðiÞ
CRpqmnðX; FÞ½Ihkmn þr _whk  ½Iijpq þr _wijdV ðiÞ; ð14Þ
which can be obtained by taking the second partial derivative of the
expression (13) with respect to the macroscopic deformation gradi-
ent increment, i.e. CRijhkðFÞ ¼ @2CRðFÞ½ _F  _F=@ _Fij@ _Fhk. It follows that
_whk coincides with the derivatives of the equilibrium ﬂuctuation
increment functions _w _F , namely _whk ¼ @ _w _F=@
_Fhk.
The above deﬁnition of the homogenized moduli tensor based
on computations over one unit cell, is valid only when the equilib-
rium conﬁguration of the microstructure is incrementally stable,
otherwise the homogenization procedure must be performed over
a larger assembly of unit cells (possibly inﬁnite).
When the microscopic constituents are hyperelastic, the
homogenized strain energy function WðFÞ can be determined as
the minimum volume average of the microscopic strain energy
function with respect to admissible ﬂuctuation ﬁeldsw(X), belong-
ing to the Sobolev space of vector valued functions periodic over all
possible ensemble of kN = [0,k]N unit cells (N = 2 or 3 for two- or
three-dimensional problems, respectively), H1,p(kNV(i)#), with k an
arbitrary integer (Müller, 1987):
WðFÞ ¼ inf
k2N
min
w2H1;pðkNVi#Þ
1
kNjV ðiÞj
Z
kNV ðiÞ
WðX; F þrwÞdV ðiÞ
( )( )
:
ð15Þ
The strain energy function W is assumed to be objective, i.e.
W(QF)=W(F) for all proper orthogonal Q and arbitrary deformation
gradients F. It follows that also the homogenized strain energy func-
tion, is unaffected by a superposed macroscopic rigid body motion
after deformation.
As can be veriﬁed by a formal calculation of the ﬁrst and second
derivatives of the homogenized strain energy function based on Eq.
(15), which makes use of Eq. (7), the macrostress potential and
homogenized moduli tensor are deﬁned in terms of the ﬁrst and
second derivatives of the macrostress potential with respect to
the macrodeformation gradient:
TR ¼ @W
@F
; CR ¼ @
2W
@F@F
: ð16Þ
When the microscopic strain energy function W(F) is a convex
function of F, it turns out that the macroscopic energy function
coincides with the one-cell homogenized strain energy function,
deﬁned by the following minimization problem:
W1ðFÞ ¼ min
w2H1;pðVi#Þ
1
jV ðiÞj
Z
VðiÞ
WðX; F þrwÞdV ðiÞ
( )
: ð17Þ
The minimization principles (15) and (17) are consistent with
an equilibrium state of the hyperelastic microstructure governed
by Eq. (8) written with reference to an assembly of unit cells or
to a unit cell, respectively.
It is worth noting that realistic materials must be modeled by
using a non-convex strain energy functions. As a matter of fact,
convexity requirement is usually a too strong and physically unac-
ceptable restriction (Hill, 1957; Ball, 1977). For instance, the strict
variant of the convexity condition implies uniqueness of solutions
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the heterogeneous microstructure.
On the other hand non-convex microenergy functions are able
to take into account non-uniqueness phenomena such as buckling
on the microscale. These phenomena are of notable importance
since may lead to obtain lower values for the homogenized strain
energy function, by minimization over domains containing several
unit cells. In this situation, Eq. (15) determines the current ﬂuctu-
ation ﬁeld and deﬁnes the size of the representative volume of the
microstructure, which is a priori unknown, also capturing the min-
imizing microbuckling mode.
From Eq. (15) it results thatWðFÞ 6W1ðFÞ and that the equality
holds only when the minimizing ﬂuctuation ﬁeld based on the unit
cell computation is also the minimizing ﬂuctuation ﬁeld for any
possible unit cell assembly. The application of Eq. (15) involves
notable difﬁculties associated to the inﬁnity of the required do-
main and implies a full space investigation on the microscale. As
a consequence it is preferable to take advantage of Eq. (17), involv-
ing a much simpler calculation, although this equation gives the
correct results only in the region of the macroscopic strain space
where WðFÞ ¼W1ðFÞ, namely the region of validity of the one-cell
homogenization. The region of validity of the one-cell homogeniza-
tion, useful to justify the use of Eq. (17), can be determined by
means of a microscopic stability analysis, as will be shown in the
following section.
2.3. Microscopic stability analysis
The current equilibrium conﬁguration kNV, individuated by the
macroscopic strain F and the corresponding ﬂuctuation solution
wF , is now taken as reference to determine the response of the
microstructure to superimposed inﬁnitesimal deformations. To
this aim an additional microscopic displacement ﬁeld u(x,s) from
the reference conﬁguration is considered, compatible with the
essential boundary conditions on the boundary of kNV. This implies
u(x,s = 0) = 0 on @kNV and u(x+,s) = u(x,s) on @kNV, where s is a
time-like parameter with sP 0. The microscopic displacement
ﬁeld u deforms the microstructure from the reference conﬁgura-
tion kNV to the generic conﬁguration kNV(s), as sketched in Fig. 3.
The gradient of the microscopic deformation ﬁeld relative to the
reference conﬁguration V, is denoted by F(0)(x,s).
The displacement ﬁeld and the gradient of the additional defor-
mation can be expressed as a series expansion of the time-like
parameter s:
uðx; sÞ ¼ _u0ðxÞsþ oðsÞ; Fð0Þðx; sÞ ¼ I þ LðxÞsþ OðsÞ: ð18Þ
For small values of s he additional displacement ﬁeld represents an
inﬁnitesimal deformation (also called incremental) from the current
conﬁguration kNV and the displacement rate ﬁeld _uðxÞ can be con-
sidered as the ‘‘quasi-static” velocity ﬁeld, whereas the gradient
L(x) is the velocity gradient. Eq. (3) leads to:
uðx; sÞ ¼ _u0ðxÞsþ oðsÞ ¼ _Fð0Þxþ _wðxÞ
 
sþ oðsÞ
¼ _wðxÞsþ oðsÞ; ð19Þ
where _Fð0Þ is the rate of the macroscopic deformation gradient rel-
ative to conﬁguration kNV, evaluated in the current conﬁguration,
which vanishes due to the assumed periodicity of the additional
displacement ﬁeld, and _wðxÞ is the ﬂuctuation ﬁeld velocity. It turns
out that L ¼ r _wðxÞ ¼ @ _wðxÞ=@x.
According to the incremental description of material response,
the incremental version of the classical criterion of stability of
the current equilibrium conﬁguration (Hill, 1978), is here used
with the current conﬁguration kNV taken as the reference one. Tak-
ing the second-order series expansion of the internal deformation
work D:D¼
Z t
0
Z
kNV
½TRð0Þðx;sÞ  _Fð0ÞðsÞdVds
¼
Z
kNV
½TRð0Þðx;sÞ  _Fð0ÞðsÞs¼0dV
 
t
þ
Z
kNV
½TRð0Þðx;sÞ  _Fð0ÞðsÞs¼0dV
 
t2
2
þoðt2Þ
and of the work done by the antiperiodic tractions tR(0) acting in the
examined equilibrium conﬁguration
L ¼
Z t
0
Z
@kNV
tRð0Þ  _uds
	 

ds ¼
Z
@kNV
T0n  _u0t þ €u0 t
2
2
 
dsþ oðt2Þ
during the additional deformation from kNV to kNV(s), leads to:
D L ¼
Z
kNV
_TRð0Þ  LdV
 
t2
2
þ oðt2Þ; ð20Þ
where TR(0) is the ﬁrst Piola–Kirchhoff stress tensor based on the
conﬁguration kNV(s = 0) and T0 is the Cauchy stress tensor in the
reference conﬁguration kNV which corresponds to TR(0)(x,s = 0).
The ﬁrst-order terms vanish due to equilibrium in the examined
conﬁguration kNV and dead loading is assumed on @kNV, namely
tR(0) is independent on s.
In the above equations dV and ds denote the reference volume
and area elements, respectively. Moreover, due to the assumed
periodicity for displacement ﬁeld and antiperiodicity of surface
tractions, L is identically zero.
The structural stability condition of the microstructure at the
macroscopic deformation F is based on the positive deﬁniteness
of the functional represented in Eq. (20), referred to as the stability
functional, for every incremental deformations satisfying the
essential periodic boundary constraints. Writing the incremental
constitutive law, with the reference conﬁguration coinciding with
the current one, leads to:
_TRð0Þ ¼ CR0 ðFÞ½L; ð21Þ
where CR0 is the fourth-order tensor of nominal instantaneous mod-
uli. Therefore, the stability functional becomes
Z
kNV
CR0ðx; FÞ½r _wðxÞ  r _wðxÞdV : ð22Þ
It turns out that a deformed state of the microstructure charac-
terized by the ﬂuctuation ﬁeld w(x) induced by the macroscopic
load F , is stable if the minimum eigenvalue of the stability func-
tional is positive when the minimum is taken over all admissible
incremental ﬂuctuations periodic on the kNV ensemble of unit
cells:
KðFÞ ¼ inf
k2N
min
_w2H1;pðkNV#Þ
R
kNV C
R
0ðx; F þrwFÞ½r _w  r _wdVR
kNV r _w  r _wdV
( )( )
> 0:
ð23Þ
Rigid translations, formally possible if the positive deﬁniteness
of Eq. (20) is considered as stability condition but not of interest as
eigenmodes, are excluded by using condition (23). The assumed
major symmetry of the microscopic moduli tensor ensures that
all eigenvalues and corresponding eigenmodes of the quadratic
functional are real.
The Euler–Lagrange equations and surface conditions corre-
sponding to the above eigenvalue problem are:
Fig. 3. Incremental deformations of the periodic microstructure described by u(x,s).
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n o
¼ 0 in kNV
CR0ðx; F þrwFÞ½r _w KðFÞr _w
n o
n
 þ
¼  CR0ðx; F þrwFÞ½r _w KðFÞr _w
n o
n
 
on @kNV
CR0ðx; F þrwFÞ½r _w KðFÞr _w
n o
n ¼ 0 on @H
8>>>><
>>>>:
: ð24Þ
where n is the outward normal to the boundary of the unit cell
assembly in the current conﬁguration kNV. The second and third
equations in (24) represent the antiperiodicity condition and the
free surface conditions on the hole boundary for the equivalent
traction CR0ðx; F þrwFÞ½r _w KðFÞr _w
n o
n, respectively.
The stability condition (23) can be also formulated with refer-
ence to the initial conﬁguration kNV(i) as:
KðFÞ¼ inf
k2N
min
_w2H1;pðkNV ðiÞ#Þ
R
kNV ðiÞ
CRðx;FþrwFÞ½rðiÞ _wðXÞ rðiÞ _wðXÞdV ðiÞR
kNV ðiÞ
rðiÞ _wðXÞ rðiÞ _wðXÞdV ðiÞ
8<
:
9=
;
8<
:
9=
;
>0;
ð25Þ
where rðiÞ _wðXÞ ¼ @ _wðXÞ=@X. This alternative formulation is useful
in view of a numerical solution procedure based on a full Lagrangian
approach. As a matter of fact, the stability functional equation (22)
can be written in the following equivalent form with reference to
the initial conﬁguration:Z
kNV ðiÞ
CRðX; FÞ½rðiÞ _wðXÞ  rðiÞ _wðXÞdV ðiÞ;
due to the relations between the instantaneous and ﬁxed-reference
moduli and between the deformation gradient rate and velocity
gradient rate:
CR0 ijkl ¼
1
det F
FjmFlnC
R
imkn;
_F ¼ LF: ð26Þ
A typical situation occurring along a deformation path FðbÞ,
with bP 0 and b = 0 for F ¼ I, starting where the stability func-
tional is positive deﬁnite, i.e. KðFð0ÞÞ > 0, is that K decreases and
at some load level bc (termed microscopic critical load parameter)
the stability functional becomes positive semi-deﬁnite. At this load
necessarily, the initially unique and stable principal solution ceases
to be unique since an eigenmode (incremental periodic solution to
the homogeneous problem) exists and the loss of microscopic
structural stability occurs:
KðbcÞ ¼ 0; KðbÞ > 0 for 0 6 b < bc:As a consequence, the primary instability is detected when the
minimum eigenvalue ﬁrst vanishes. The microscopic stability re-
gion bjKðFðbÞÞ > 0, inside which the fundamental periodic solu-
tion, for which all cells deform identically, is unique, establishes
also the region where the one-cell standard homogenized energy
is the correct one, namely KðFðbÞÞ > 0 implies WðFÞ ¼W1ðFÞ.
2.4. Classical macroscopic stability analysis
A microscopic stability analysis along a macroscopic loading
path FðbÞ, leading to determine the microscopic stability region, re-
quires a notable computational effort, since it involves computa-
tions over a inﬁnite domain. Therefore, it should be preferable to
develop the stability analysis of the heterogeneous solid in terms
of its macroscopic properties, determined by means of calculations
performed on a unit cell, namely to carry out a macroscopic stabil-
ity analysis which only requires the much simpler computation of
the one-cell homogenized moduli through Eq. (12).
In view of its connection with the stability problem, a basic
macroscopic measure of the stability of the periodic solid at the
load parameter b can deﬁned as the strong ellipticity condition of
the homogenized moduli tensor:
KðFðbÞÞ ¼ min
k mk¼knk¼1
CR0ðX; FÞð m nÞ  m n
n o
> 0 ð27Þ
in which the minimum is taken over all unit vectors m and n.
In fact, the strong ellipticity of the homogenized solid moduli or,
equivalently, the strict local rank-one convexity of the homoge-
nized strain energy function ensures stability under Dirichlet
boundary conditions when the macroscopic incremental moduli
tensor is spatially constant, whereas the violation of its non-strict
variant (non-negativeness of K also called the Legendre–Hadamard
condition) ensures instability under any boundary conditions.
It is worth noting that the extension of condition (27) to arbi-
trary rank tensors corresponds to the positive deﬁniteness of the
homogenized nominal moduli tensor:
KðRÞ F bð Þ  ¼ min
Lk k¼1
CR0 F
 
L
   Ln o > 0; ð28Þ
which is too restrictive and physically unrealistic since it would im-
ply uniqueness in corresponding boundary value problems for the
homogenized solid, an unacceptable situation for non-linear defor-
mations. Obviously, the condition (28) implies (27).
The macroscopic primary instability load associated to the sta-
bility condition (27) can be deﬁned as:
KðbcMÞ ¼ 0; KðbÞ > 0 for 0 6 b < bcM;
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the macroscopic stability region bjKðbÞ > 0 can be determined. The
critical load parameter bðRÞcM associated to (28) can be deﬁned
analogously.
The microscopic stability condition (23) implies the macro-
scopic stability condition (27), provided the microscopic material
is strongly elliptic (Geymonat et al., 1993):
min
kmk¼knk¼1
CR0ðX;FÞðmnÞ mng>0 8X 2V ðiÞ )KðFðbÞÞ6KðFðbÞ
n 
:
In addition, Geymonat et al., 1993 have shown that the primary
microscopic instability along a monotonic macroscopic loading
process can be detected as a loss of macroscopic stability (27) pro-
vided that the wavelength of the ﬁrst instability is much larger
than the unit cell size (global instability mode). On the contrary,
when the primary microscopic instability encountered in the load-
ing process has a wavelength comparable to the unit cell size (local
instability), the macroscopic stability condition (27) still holds and
the one-cell homogenized moduli remains strongly elliptic:
KðFðbcÞÞ ¼ 0 )
local instability KðFðbcÞÞ > 0
global instability KðFðbcÞÞ ¼ 0
(
:2.5. Macroscopic constitutive stability measures
The previous section shows that the macroscopic stability con-
dition based on the strong ellipticity of the homogenized moduli
tensor, is able to exactly predict the onset of microscopic instability
of the periodic principal solution along a monotonic loading pro-
cess, when the microscopic instability mode is global in nature.
On the other hand, an unconservative estimation of the primary
microscopic instability load is obtained in the more general case
when the instability mode is of local kind, since the homogenized
moduli tensor remains strongly elliptic at the onset of the primary
microscopic instability.
To this aim, novel macroscopic stability measures are here
introduced as an alternative approach to investigate the micro-
scopic stability problem in terms of the homogenized properties
of the periodic heterogeneous solid. Their ability to obtain conser-
vative prediction of the primary instability load of the microstruc-
ture will be investigated in the sequel of the paper.
The incremental material response at a point x of the micro-
structure, Eq. (21), can be alternatively formulated by using the
concept of the work conjugate stress–strain measure pairs (Tf,S(U))
based on strain measures coaxial with U, the right stretch tensor
associated to F, and having principal values f(ki), with f a mono-
tonic increasing function of the principal values ki of U such that
f(1) = 0 and df/dki(1) = 1 (Hill, 1968). This leads to:
_T f ð0Þ ¼ C f0ðX; FÞ½D; ð29Þ
where _T f ð0Þ and D are the stress rate and the strain rate, respec-
tively, taken with the reference conﬁguration coinciding with the
current one, corresponding to the work conjugate stress–strain
measure pair (Tf, S(U)) and is the associated fourth-order tensor
of instantaneous moduli, which generally depends on the current
deformation state in V. The rate of strain D equals the symmetric
part of the velocity gradient L = @v/@x also called the Eulerian
strain rate.
By using the following expression involving the rate of the
ﬁrst Piola–Kirchhoff stress tensor TR to _T f ð0Þ (Ogden, 1984), eval-
uated when the reference conﬁguration coincides with the cur-
rent one:
_TRð0Þ ¼ _T f ð0Þ þ 12 ½f
00ð1Þ  1ðT0Dþ DT0Þ þ LT0; ð30Þthe fourth-order tensor of instantaneous moduli C f0 can be easily re-
lated to the fourth-order tensor of nominal instantaneous moduli
CR0. The prime over f(k) denotes differentiation with respect to k.
A well-known sub-class (T(m), E(m)) of stress–strain measure
pairs can be obtained by choosing f ðkiÞ ¼ ðkmi  1Þ=m, where m is
an integer (Ogden, 1984). The stress–strain pairs associated to
the logarithmic (E(0) = lnU), the Green–Lagrange (E(2) = U2  1)
and the Biot strain (E(1) = U  1) measures, can be determined by
taking m? 0, m = 2 and m = 1, respectively. The corresponding
moduli tensor are denoted as Cð0Þ0 ; C
ð2Þ
0 and C
ð1Þ
0 , respectively. In
addition the strain measure E(2) is usually attributed to Almansi
and the corresponding moduli tensor is denoted by Cð2Þ0 .
According to the above representation of the microscopic con-
stitutive response, the following family of macroscopic constitutive
inequalities is introduced:
Kf ðFðbÞÞ ¼ min
kDk¼1
C f0ðFÞ½D  D
n o
> 0; ð31Þ
where D is a symmetric tensor and C f0 is the macroscopic tensor of
instantaneous homogenized moduli which relates the macrostrain
rate to the rate of the macrostress tensor _T f ð0Þ. The macroscopic ten-
sor of instantaneous homogenized moduli C f0 is associated to the
macroscopic strain measures SðUÞ deﬁned by the classic continuum
relations in terms of macroscopic quantities, where U is the macro-
scopic right stretch tensor in the polar decomposition of the macro-
scopic deformation gradient F ¼ RU; R denoting the macroscopic
rotation tensor.
The family of positive deﬁniteness conditions (31) for the incre-
mental macroscopic response, can be obtained by examining the
stability condition of an equilibrium conﬁguration for a macro-
scopic homogenized material element, homogeneously deformed
and subjected to special macroscopic boundary conditions of trac-
tion. This condition arises in the problem of the so-called ‘‘material”
or ‘‘constitutive” stability (Greco and Luciano, 2005, where the
material stability condition is formulated for a material element
of a homogeneous body). As a consequence, the inequalities (31)
are referred to as ‘‘macroscopic constitutive stability measures”.
In order to derive explicitly conditions (31), the inﬁnitesimal
stability condition of a homogeneously deformed and uniformly
stressed material element, extracted from the homogenized mac-
rocontinuum in the neighborhood of a generic interior body point
xðXÞ, is examined, according to arguments similar to those adopted
in Greco and Luciano, 2005. The homogenized stress and strain
states are assumed uniform (within the scale of variation of lmacro)
and equal to those acting at the examined point of the macrocon-
tinuum, under the assumption of a sufﬁciently small volume of the
material element. The homogenized material element in the cur-
rent conﬁgurationM is loaded by the traction T0n on the boundary
@M and the uniform macroscopic stress state is speciﬁed in terms
of the Cauchy stress tensor T0.
The stability condition requires the superimposition of an incre-
mental macroscopic displacement ﬁeld uðx; sÞ ¼ vðxÞsþ oðsÞ to
the current conﬁguration of the homogenized material element.
Its gradient L ¼ @v=@x is assumed to be uniform and M is taken
as the reference conﬁguration for the subsequent deformation.
The loading mechanism of the homogenized material element is
represented by deformation dependent surface tractions per unit
area of @M, denoted by tR, corresponding to the uniform macro-
stress state T0 in the equilibrium conﬁguration M. To obtain a con-
stitutive stability condition, these surface tractions must be
deﬁned in such a way to do not work on material rotations during
additional deformation uðx; sÞ.
The analytical expression for the surface macrotractions tR, can
be obtained introducing the uniform stress tensor TR, representing
a ﬁctitious ﬁrst Piola–Kirchhoff macrostress tensor in static equi-
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satisﬁed:
TR  _F ¼ T0  _FðUÞ 8uðx; sÞ: ð32Þ
Equilibrium in M requires that TR at s = 0 is equal to T0. Therefore
TR is assumed to depend on the deformation gradient and the initial
stress state T0, namely TR corresponds to a system of follower sur-
face tractions.
The ﬁrst-order approximation of Eq. (32) gives the correspond-
ing ﬁrst-order approximation of TR at s = 0:
TR ¼ T0 þ
1
2
½f 00ð1Þ  1ðDT0 þ T0DÞ þ LT0
 
sþ oðsÞ: ð33Þ
The positiveness conditions (31) can be obtained by the second-or-
der expansion in s of the difference between the internal deforma-
tion work and the work done by the surface macrotraction tR ¼ TRn
(with TR given by Eq. (33)) during the superposed incremental dis-
placement uðx; sÞ:
W  L ¼
Z t
0
Z
M
TRðsÞ  _FðsÞdv 
Z
@M
TRn  _uðx; sÞds
 
ds
¼
Z t
0
TRðsÞ  TRðsÞ
   _FðsÞn oVolðMÞds: ð34Þ
On the contrary, the macroscopic condition (28) can be ob-
tained when dead loading tR ¼ T0n acts during the additional
deformation. In this circumstance, geometrical effects related to
material rotations arise, since dead loads can do work even in a
pure rotation, and we arrive at the following condition for stability:Z
M
_TR  Ldv ¼ _TR  LVolðMÞ > 0 8L–0; ð35Þ
leading to Eq. (28). This condition does not correspond to a macro-
scopic stability measure of constitutive type. In fact, by using Eq.
(30), it is easy to show that such condition can be violated if L coin-
cides with an inﬁnitesimal rotation ðL ¼WÞ. In Eq. (35), VolðMÞ de-
notes the volume of the macroscopic material element.
It is worth noting that also the macroscopic stability condition
Eq. (27) can be considered as a constitutive stability condition for
a homogeneous material both in the context of wave propagation
and strain localization (Greco, 2007).
A macroscopic stability analysis performed by using Eq. (31),
which restricts the analysis to symmetric incremental deformation
gradients, leads avoiding rigid rotations, irrelevant from the phys-
ical point of view. Consequently, the macroscopic stability condi-
tions introduced by Eq. (31), applied to symmetric incremental
deformation gradients, are well distinguished from the macro-
scopic condition (28) extended to arbitrary incremental deforma-
tion gradients.
A consistent macroscopic stability analysis implies the assump-
tion of a speciﬁc macroscopic strain measure in Eq. (31). As will be
shown in the sequel via numerical applications, the effectiveness of
a macroscopic stability measure to predict the microscopic stability
behavior of the solid, depends strictly on the adopted strainmeasure.
If the macroscopic Biot strain tensor is used, Eq. (31) specializes
to the following positivity condition:
Kð1ÞðFðbÞÞ ¼ min
kDk¼1
Cð1Þ0 ðFÞ½D  D
n o
> 0: ð36Þ
On the other hand, the use of the macroscopic logarithmic strain
measure leads to:
Kð0ÞðFðbÞÞ ¼ min
kDk¼1
Cð0Þ0 ðFÞ½D  D
n o
> 0: ð37Þ
Moreover, the choice of the macroscopic Green–Lagrange strain
measure leads to:Kð2ÞðFðbÞÞ ¼ min
kDk¼1
Cð2Þ0 ðFÞ½D  D
n o
> 0: ð38Þ
Finally, when the Almansi–Hamel strain measure is adopted, we
obtain:
Kð2ÞðFðbÞÞ ¼ min
kDk¼1
Cð2Þ0 ðFÞ½D  D
n o
> 0:
According to its microscopic counterpart, the macroscopic pri-
mary instability load associated to the conjugated stability mea-
sures can be deﬁned as:
Kf ðbfcMÞ ¼ 0; KðbÞ > 0 for 0 6 b < bfcM ;
where bfcM is the macroscopic critical parameter and, consequently,
the macroscopic stability region bjKf ðbÞ > 0 can be determined.
In order to take advantage in numerical computations, which,
being carried out by using a total Lagrangian formulation, provide
directly the nominal macroscopic constitutive tensor CR, it is useful
to recall the equations necessary to compute the macroscopic con-
stitutive tensor Cf0. Since the overall stress and strain measures are
based on the nominal stress tensor and deformation gradient (Ne-
mat-Nasser, 1999), the components of the macroscopic constitu-
tive tensor C f0 can be obtained in terms of the components of the
nominal macroscopic moduli tensor by using Eq. (21) and the fol-
lowing usual continuum relations:
_T f ð0Þ ¼ _TRð0Þ  12 ½f
00ð1Þ  1ðT0Dþ DT0Þ  LT0;
CR0 ijkl ¼
1
det F
FjmFlnCRimkn: ð39Þ
This leads to:
Cf0ijkl ¼ CR0ijkl 
f 00ð1Þ  1
4
Tikdjl þ Tildkj þ Tljdki þ Tkjdli
  Tljdik;
where L is the macrodeformation velocity gradient L ¼ _F F1; D its
symmetric part and T ð0Þ ¼ J1TRFT is the macroscopic Cauchy stress
tensor. It turns out that the macroscopic constitutive stability mea-
sure (31) are expressed in terms of macroscopic properties deter-
mined by means of calculations performed on a unit cell, in line
with Eq. (27).3. Numerical procedure
The theoretical formulation given in Section 2, is now used to
develop some representative numerical applications. At ﬁrst the
computational implementation of the stability analysis is dis-
cussed. Secondly, with reference to a speciﬁc hyperelastic constitu-
tive law, critical load parameters associated to the microscopic and
the macroscopic onset of instability are presented for different
loading paths and microgeometries.
3.1. FE model
A displacement-type ﬁnite element (FE) approximation, adopt-
ing plane strain Lagrange quadratic elements, is used to discretize
the stability problem of a periodic microstructure. The FE model is
developed by using the commercial software COMSOL
MULTIPHYSICS™.
A one-way coupled FE model is employed to compute sequen-
tially the principal solution path for the unit cell, the incremental
solutions needed to determine the homogenized tangent moduli
and the minimum eigenvalue of the microscopic structural stabil-
ity functional. The minimum eigenvalues of the macroscopic sta-
bility measures are then determined by postprocessing the
results obtained by the ﬁrst and second problems.
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the variational problem (7) is discretized in order to obtain the de-
formed conﬁguration of a unit cell along the principal equilibrium
path for a given macroscopic loading process FðbÞ. This implies that
a sequence of non-linear PDE problems arising from a discrete var-
iation of the load parameter, is solved to compute the ﬂuctuation
ﬁeld solution corresponding to each macroscopic deformation
along the loading path:
0 6 b 6 bmax; FðbÞ ) wFðbÞðXÞ
 Z
VðiÞ
TRðF þrwF ;XÞ  rdwdV ðiÞ
¼ 0 8dw 2 H1;pðV ðiÞ#Þ: ð40Þ
A parametric solver is adopted to ﬁnd the solution to the se-
quence of non-linear stationary PDE problems (40) that arise when
the load parameter b varies. A step size equal to Db = 103 is used
to discretize the loading path.
Once the evolution of the deformed conﬁguration is known, the
distribution of tangent moduli can be determined at each point of
the unit cell. Therefore incremental equilibrium (linearized) prob-
lems for the unit cell and for each unit incremental macroscopic
deformation mode, _F ¼ Ihk; h; k ¼ 1;2;3, superimposed on the gi-
ven ﬁnite deformation, are solved along the loading path by the
discretization of the following variational equation:Z
V ðiÞ
CRðb;XÞ½Ihk þr _wIhk   rd _wdV ¼ 0 8d _w 2 H1;pðV ðiÞ#Þ:
The homogenized moduli are thus obtained by Eq. (12) or (14).
Then the load parameter associated to the lowest zero eigenvalue
of the microscopic structural stability functional (23) is computed
over all possible ensembles of unit cells. The linearized eigenvalue
problemwith a varying domain of deﬁnition is solved in the follow-
ing way. For a given ensemble of unit cells, the lowest value of b for
which the minimum eigenvalue of the stability functional is zero
(i.e. bc) is calculated together with the associated eigenmode, by
the discretization of the minimization problem (23), leading to:Z
kNV
CR0ðb;xÞ½r _wKðFðbÞÞr _w
n o
rd _wdV ¼0 8d _w2H1;pðkNV#Þ:
The ensemble of unit cells is then enlarged by increasing the num-
ber k. The minimum value of bc for all currently possible instability
modes thus corresponds to the loss of microscopic stability and pro-
vides the optimal ensemble of unit cells.
On the other hand, the macroscopic stability analysis is per-
formed by monitoring the lowest eigenvalue of the acoustic tensor
Q 0ihðnÞ ¼ CR0ijhknjnk, for every direction of propagation n:
KðFðbÞÞ ¼min
i
min
knk¼1
kQð
nÞ
i ðbÞ
	 

with kQðnÞi jðQ 0ðnÞ  kQð
nÞ
i IÞU^i ¼ 0:
For 2D problems, the orientation of the singular surface is un-
iquely determined by an angle h via:
n ¼ ½n1 ¼ cos h; n2 ¼ sin h;0 0 6 h < 2p:
As a consequence the scan of the minimum eigenvalue is checked
for h between 0 and 2p. The ﬁrst macroscopic instability is detected
when the lowest eigenvalue becomes zero.
Accordingly, the onset of macroscopic instability according to
the conjugated stability measures is determined by monitoring
the lowest eigenvalue of (31):
Kf ðFðbÞÞ ¼min kC
f
0
i ðbÞ
	 

;
with k
Cf0
i denoting the ith eigenvalue associated to the following
algebraic eigenproblem:C f0  k
Cf0
i I
 
U
_
i
¼ 0: ð41Þ
Eq. (41) is here given in matrix form for completeness:
Cf01111 C
f
01122 2C
f
01112
Cf01122 C
f
02222 2C
f
02212
2Cf01112 2C
f
02212 2C
f
01212
2
664
3
775kCf0i diagf1;1;1g
0
BB@
1
CCA
~UðiÞ11
~UðiÞ22
~UðiÞ12
8><
>:
9>=
>;¼
0
0
0
8><
>:
9>=
>;:
The onset of macroscopic instability is determined by searching
for the lowest load parameter at which the lowest eigenvalue of
(31) becomes zero.
Similarly, the eigenvalue problem representing the macroscopic
condition (28) is:
CR1111 C
R
1122 C
R
1112 C
R
1121
CR2211 C
R
2222 C
R
2212 C
R
2221
CR1211 C
R
1222 C
R
1212 C
R
1221
CR2111 C
R
2122 C
R
2112 C
R
2121
2
66664
3
77775kC
R
i diagf1;1;1;1g
0
BBBB@
1
CCCCA
UðiÞ11
UðiÞ22
UðiÞ12
UðiÞ21
8>>><
>>>:
9>>>=
>>>;
¼
0
0
0
0
8>><
>>:
9>>=
>>;
:
In the framework of the ﬁnite and incremental homogenization
procedure, periodic boundary conditions are implemented by
means of the extrusion coupling variable methodology. According
to this method, the displacement ﬁeld or its increment is made
available on the opposite boundary faces of the unit cell. Once
the displacement ﬁeld or its increment is extruded from the source
domain (the negative unit cell faces @VðiÞ) to the destination one
(the positive unit cell faces @VþðiÞ ), periodic boundary constraints
are imposed as point constraints on the destination boundaries
of the unit cell, by means of the following constraint equations:
uðXþÞ ¼ uðXÞ þ ðF  IÞðXþ  XÞ;
_uðXþÞ ¼ _uðXÞ þ _FðXþ  XÞ;
where uðXÞ and _uðXÞ are the displacement and the incremental
displacement ﬁelds, respectively, extruded from @VðiÞ. The ﬂuctua-
tion ﬁeld is obtained by means of the following expression:
wðXÞ ¼ uðXÞ  ðF  IÞX:
Similar considerations can be done when periodic boundary condi-
tions must be applied on the boundary of a unit cell assembly kNV.
In order to exclude rigid body motions, the ﬂuctuation ﬁeld can
be assumed to be zero at the corner points of the unit cell, implying
that the displacement ﬁeld at the corner points is driven by the
macroscopic deformation gradient.
The microscopic and macroscopic stability analyses have been
managed by developing a computer code written in the COMSOL-
SCRIPT™ programming language, which is interfaced with COM-
SOL MULTIPHYSICS™.
3.2. Microstructural models
Although the theoretical formulation of this work is valid for
materials characterized by an incrementally linear constitutive
law, numerical examples are developed by adopting the experi-
mentally based compressible Gent, 1996 constitutive law for each
microconstituents. This implies that each microscopic components
obeys the following strain energy density:
W ¼ l
2
Jm ln 1
kFk2  3
Jm
 !
þ 2 ln J
" #
þ k l
2
 l
Jm
 
ðJ  1Þ2
where l and j are the shear and bulk moduli of the solid at zero
strain, respectively, J denotes Det(F) and Jm is a constant which cal-
ibrates the solid’s strain saturation (TR?1) occurring when
2816 D. Bruno et al. / International Journal of Solids and Structures 47 (2010) 2806–2824kFk2? Jm + 3. By assuming l > 0, j > [(Jm + 2)/Jm]l, Jm > 0 the Gent
solid becomes polyconvex and hence rank-one convex (Ball,
1977). This property excludes the onset of strain discontinuities
within each phase of the deformed microstructure and ensures that
the strong ellipticity condition is satisﬁed for the microscopic
material. For the numerical calculations the values of Jm = 50 and
j/l = 10 are adopted.
In addition the neo-Hookean constitutive model is also adopted,
which can be extracted by the Gent constitutive model in the limit
as Jm?1:
W ¼ l
2
ðkFk2  3Þ  2 ln J
h i
þ k l
2
 
ðJ  1Þ2:
Numerical calculations are performed with reference to two dif-
ferent types of macroscopic loading paths: an equibiaxial and uni-
axial loading along the reference coordinate axes, represented,
respectively, by:
FðbÞ ¼
1þ b 0 0
0 1þ b 0
0 0 1
2
64
3
75; FðbÞ ¼
1þ b 0 0
0 1 0
0 0 1
2
64
3
75:
It turns out that the load parameter b coincides with the principal
value of the Biot strain tensor in the X1 direction in the uniaxial
case, and with the principal values of the Biot strain tensor in the
X1 and X2 directions, in the equibiaxial case.
For the ﬁrst application, a cellular microstructure with an initial
square distribution of circular voids is adopted. In the second one a
particle-reinforced composite microstructure is considered, with a
square distribution of inclusions, which can be considered as rep-
resentative of a cross section of a ﬁber-reinforced solid with cylin-
drical ﬁbers aligned in the X3 axis direction.
In both cases the unit cell dimensions are L1 = L2 = L and the ra-
dius of the voids and the inclusions is R = 0.25L. Hence the initial
porosity equal to the volume fraction of the inclusions is p/16. In
the case of the particle-reinforced composite different ratios be-
tween the material parameters of the inclusion and the matrix
are adopted, namely lf/lm = 0.5 representing a soft inclusion and
lf/lm = 10, lf/lm = 50 representing stiff inclusions. In the numeri-
cal calculations the shear modulus at zero strain of the matrix
material has been assumed equal to l = 807 N/mm2.
For the cellular microgeometry the mesh adopted to discretize
the unit cell problem involves 15,616 degrees of freedom and
3810 quadratic Lagrangian triangular elements. In the case of theFig. 4. Typical meshes adopted for microscopic stability analysis: (a) creinforced microgeometry 31,194 degrees of freedom and 7598
quadratic Lagrangian triangular elements are adopted.
The largest assembly examined to perform the microscopic sta-
bility analysis corresponds to an array of 10  10 unit cells. This
assembly is assumed to reasonably approximate the theoretically
inﬁnite domain of microscopic stability analysis and to provide val-
ues of the critical load parameter in the case of a global instability
mode sufﬁciently close to those obtained by using the macroscopic
stability measure (27). Speciﬁcally, the instability mode has been
classiﬁed as global, when by considering increasing unit cell
assemblies, the lowest value of the load parameter for which the
minimum eigenvalue of stability functional ﬁrst vanishes, ap-
proaches from above the load parameter corresponding to the
macroscopic loss of ellipticity, within a relative percentage error
(bcM  bc)/bcM x100 equal to 1. A typical mesh of a 10x10 assembly
is shown in Fig. 4, adopting 302,852 degrees of freedom and 37,716
quadratic Lagrangian triangular elements for the reinforced
microgeometry and 222,644 degrees of freedom and 26,540 qua-
dratic Lagrangian triangular elements for the cellular one.4. Numerical applications
Numerical stability analyses are here carried out with reference
to the above described microstructural models, in order to investi-
gate the effectiveness of the macroscopic constitutive stability
measures introduced in Section 2.5.4.1. Cellular microstructure
The stability analysis of the Gent cellular microstructure is illus-
trated in Figs. 5 and 6 for the equibiaxial and uniaxial cases, respec-
tively, where the primary microscopic instability modes and the
critical load parameters at the onset of microscopic instability
are also shown.
These results show that in compression the onset of micro-
scopic instability (occurring at bc ¼ 0:075 in the equibiaxial case
and at bc ¼ 0:144 in the uniaxial one) always precedes the mac-
roscopic loss of strong ellipticity (i.e. the macroscopic loss of stabil-
ity according to Eq. (27)) and the local microscopic instability
mode is periodic on a 2  2 cell assembly. The + () superscript at-
tached to the critical load parameter denotes its value in tension
(compression). The corresponding instability modes involve an
alternation of void ovalization (see Figs. 5a and 6a).ellular microstructure and (b) particle-reinforced microstructure.
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Fig. 6. Evolution of the macroscopic stability measures for a Gent cellular microstructure under uniaxial loading with illustration of the microscopic instability loads and
associated modes.
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Fig. 5. Evolution of the macroscopic stability measures for a Gent cellular microstructure under equibiaxial loading with illustration of the microscopic instability loads and
associated modes.
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and, consequently, the macroscopic loss of stability according to
Eq. (27) coincides with the microscopic one, occurring at
bþc ¼ 1:695 in the equibiaxial case and at bþc ¼ 3:525 in the uniaxial
case. Primary instability modes in tension, occurring with a degree
of multiplicity equal to four in the equibiaxial case, are illustrated
in Figs. 5b and 6b with reference to a 10  10 cell assembly.
The stability analysis carried out by using the macroscopic con-
jugated stability measures, shows that in tension, for the equibiax-
ial case, the positive deﬁniteness conditions related to Kð2Þ and Kð1Þ,
are ﬁrst violated before the macroscopic loss of strong ellipticity.
For the uniaxial case, only the macroscopic condition Kð2Þ becomes
positive-semi-deﬁnite before the macroscopic loss of strong ellip-
ticity, whereas Kð1Þ loses its positiveness after the macroscopic loss
of strong ellipticity. On the other hand, the loss of macroscopic sta-
bility according to Kð1Þ and Kð2Þ, occur after the loss of macro-
scopic strong ellipticity in equibiaxial tension, while stability is
always preserved in the uniaxial tension case.
In the compressive case, the situation is reversed since the loss
of positive deﬁniteness of Kð1Þ and Kð2Þ precedes the macroscopic
loss of strong ellipticity. On the contrary, Kð2Þ and Kð1Þ remains al-ways positive in the examined macrostrain range, although show a
decreasing behavior and tend to become positive-semi-deﬁnite for
larger levels of strains.
As far as the macroscopic stability measure related to Kð0Þ is
concerned, in the equibiaxial case the loss of macroscopic stability
coincides with the macroscopic loss of strong ellipticity, both in
tension and in compression, within numerical errors related to
the FE discretization. In the uniaxial case, Kð0Þ does not lose its pos-
itivity in the examined range of macrostrain, and shows an increas-
ing behavior in tension and a decreasing one in compression.
The critical value of the load parameters for the examined sta-
bility measures are shown in Table 1.
As expected, the macroscopic stability measure (28) is violated
at 0 in compression due to rotational instabilities, and before the
macroscopic condition (27) in tension.
The stability analysis for the cellular microstructure of neo-
Hookean material, is illustrated in Figs. 7 and 8 for the equibiaxial
and uniaxial case, respectively. Results show that the situation in
compression is similar to the Gent case (the microscopic primary
instability occurring at bc ¼ 0:075 in the equibiaxial case and
at bc ¼ 0:144 in the uniaxial one) and the instability modes are
Table 1
Cellular microstructure of Gent material: critical load parameter values for the examined stability measures.
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.345 1.255 1.695 1.695 1.695 1.875 1.965 1.255
Uniaxial 0.785 4.605 – 3.525 3.525 – – 3.155
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – – 0.089 0.075 0.089 0.070 0.055 0
Uniaxial – – – 0.144 0.162 0.139 0.109 0
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Fig. 7. Evolution of the macroscopic stability measures for a neo-Hookean cellular microstructure under equibiaxial loading with illustration of the microscopic instability
loads and associated modes.
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Fig. 8. Evolution of the macroscopic stability measures for a neo-Hookean cellular microstructure under uniaxial loading with illustration of the microscopic instability loads
and associated modes.
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8a).
In the tension case, the situation is somewhat different from the
Gent material, since the primary instability mode is local for the
equibiaxial case with a 2  2 periodicity (Fig. 7b), and global for
the uniaxial one (Fig. 8b). Consequently, the macroscopic loss of
stability according to Eq. (27) coincides with the microscopic one
in the uniaxial case and occurs at bþc ¼ 4:875. On the contrary, in
the equibiaxial case, the microscopic loss of stability, occurring at
bþc ¼ 1:585, precedes the macroscopic loss of strong ellipticity.The critical values of the load parameters for the examined sta-
bility measures are reported in Table 2. Despite the different
behavior in the nature of microscopic instability modes in tension
and the differences in critical load parameter values, the same con-
siderations made in the Gent case for the macroscopic stability
measures, can be applied for the neo-Hookean cellular microstruc-
ture. As a matter of fact, the sequences of critical load parameters
related to the macroscopic stability measures remain practically
unchanged, as can be noted by means of comparisons between Ta-
bles 1 and 2.
Table 2
Cellular microstructure of neo-Hookean material: critical load parameter values for the examined stability measures.
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.330 1.430 1.970 1.580 1.970 2.170 2.290 1.430
Uniaxial 0.795 – – 4.875 4.875 – – 4.245
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial 0.117 0.106 0.090 0.076 0.090 0.071 0.055 0
Uniaxial – – – 0.144 0.162 0.139 0.109 0
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Fig. 9. Stability analysis of a particle-reinforced microstructure of Gent material under equibiaxial loading, lf/lm = 0.5.
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Fig. 10. Stability analysis of a particle-reinforced microstructure of Gent material under uniaxial loading, lf/lm = 0.5.
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vative estimates of the primary microscopic instability load in ten-
sion, whereas the conditions Kð1Þ and Kð2Þ are able provide
conservative predictions in compression, namely the following
inequalities are always valid:
bð2ÞþcM < b
þ
c
bc < b
ð1Þ
cM < b
ð2Þ
cM :
On the other hand, the Kð1Þ condition is able to provide conservative
predictions only in the equibiaxial case. It is worth noting that in
the equibiaxial case the Kð0Þ condition gives an exact prediction ofthe microscopic instability, whereas in the uniaxial case the Kð0Þ
condition gives an unconservative microscopic instability load
prediction.
Among the proposed conjugated stability measures, the Kð1Þ and
the Kð1Þ conditions give the less conservative prediction of the
microscopic critical load parameter in tension and compression
for the equibiaxial case, respectively. On the other hand, the less
conservative predictions for the uniaxial case in tension and com-
pression are provided by Kð2Þ and Kð1Þ, respectively.
Finally, in tension the condition (28) gives conservative esti-
mate of the microscopic critical load parameter. This situation al-
ways occurs when the instability mode is global in nature since
Table 3
Particle-reinforced microstructure of Gent material: critical load parameter values.
(a) lf/lm = 0.5
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.215 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – – 0.355 – – 0.105 0.055 0
Uniaxial – – 0.565 0.825 0.825 0.205 0.105 0
(b) lf/lm = 10
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.215 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – – 0.545 0.545 0.545 0.105 0.055 0
Uniaxial – – – 0.475 0.475 0.205 0.105 0
(c) lf/lm = 50
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.225 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – 0.585 0.475 0.475 0.475 0.105 0.055 0
Uniaxial – – 0.535 0.415 0.415 0.205 0.105 0
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Fig. 11. Stability analysis of a particle-reinforced microstructure of Gent material under equibiaxial loading, lf/lm = 10.
2820 D. Bruno et al. / International Journal of Solids and Structures 47 (2010) 2806–2824condition (28) always implies (27). In addition, it can be noted that
in the equibiaxial case the loss of macroscopic stability according
to the condition (28) occurs with a symmetric incremental defor-
mation gradient (L=D) and, consequently, it coincides with the loss
of positivity of Kð1Þ.4.2. Particle-reinforced microstructure
In the case of the particle-reinforced microstructure with differ-
ent stiffness contrasts between the inclusion and the matrix (lf/
lm = 0.5, 10, 50), the main difference with respect to the cellular
microstructure in the stability analysis, is that in the compression
case the ﬁrst microscopic instability mode is always of global type
and coincides with the macroscopic instability related to the strong
ellipticity condition. The only exception is the case lf/lm = 0.5
where microscopic stability is always preserved. On the otherhand, in tension the microstructure is always stable for the exam-
ined range of deformations.
The stability analysis developed for the lf/lm = 0.5 case, is illus-
trated in Figs. 9 and 10 and shows that the onset of microscopic
instability occurs only in compression for the uniaxial loading con-
dition at bc ¼ 0:825 with two simultaneous modes. One of the
two simultaneous microscopic instability mode, all of global type,
is shown in Fig. 10a.
In compression, the loss of positivity is exhibited only by
Kð2Þ; Kð1Þ and Kð0Þ, whereas in tension it occurs only for
Kð2Þ; Kð1Þ and KðRÞ. The critical value of the load parameters are
shown in Table 3a. When microscopic instability occurs, the condi-
tion Kð2Þ; Kð1Þ and Kð0Þ are able to provide conservative stability
predictions with the less conservative one given by Kð0Þ.
The stability analysis for lf/lm = 10, illustrated in Figs. 11
and 12, shows that in compression the onset of microscopic
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Fig. 12. Stability analysis of a particle-reinforced microstructure of Gent material under uniaxial loading, lf/lm = 10.
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Fig. 13. Stability analysis of a particle-reinforced microstructure of Gent material under equibiaxial loading, lf/lm = 50.
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Fig. 14. Stability analysis of a particle-reinforced microstructure of Gent material under uniaxial loading, lf/lm = 50.
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bc ¼ 0:475 in the uniaxial one. Figs. 11a and 12a show
one of the four simultaneous modes occurring in theequibiaxial compression case and one of the two simultaneous
modes occurring in the uniaxial compression case,
respectively.
Table 4
Particle-reinforced microstructure of neo-Hookean material: critical load parameter values.
(a) lf/lm = 0.5
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.215 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – – 0.355 – – 0.105 0.055 0
Uniaxial – – 0.565 0.835 0.835 0.205 0.105 0
(b) lf/lm = 10
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.215 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – – 0.545 0.545 0.545 0.105 0.055 0
Uniaxial – – 0.695 0.485 0.485 0.205 0.105 0
(c) lf/lm = 50
Tension bð2ÞþcM b
ð1Þþ
cM b
ð0Þþ
cM
bþc b
þ
cM b
ð1Þþ
cM b
ð2Þþ
cM b
ðRÞþ
cM
Equibiaxial 0.055 0.105 – – – – – 0.105
Uniaxial 0.105 0.215 – – – – – 0.215
Compression bð2ÞcM b
ð1Þ
cM b
ð0Þ
cM
bc b

cM bð1ÞcM b
ð2Þ
cM b
ðRÞ
cM
Equibiaxial – 0.585 0.485 0.485 0.485 0.105 0.055 0
Uniaxial – – 0.535 0.425 0.425 0.205 0.105 0
2822 D. Bruno et al. / International Journal of Solids and Structures 47 (2010) 2806–2824The stability analysis carried out for lf/lm = 50 presents the
same main features of the lf/lm = 10 case, as shown in Figs. 13
and 14. As a matter of fact, although the numerical values of the
critical parameters may slightly change (see Table 3b and c), the
sequence of microscopic and macroscopic primary instabilities re-
mains unchanged. Speciﬁcally, in compression the onset of micro-
scopic instability occurs at bc ¼ 0:475 in the equibiaxial case and
at bc ¼ 0:415 in the uniaxial one. This points out that in the tiffer
case the microscopic stability region in compression decreases.
For both lf/lm = 10 and lf/lm = 50, in compression, the se-
quence of eventual instabilities related to the conjugated stability
measures remains the same of the cellular case and the loss of con-
ditions Kð1Þ and Kð2Þ occur before the macroscopic loss of strong
ellipticity. As for the cellular microstructure, in the equibiaxial
compression case the loss of stability relative to the Kð0Þ condition
coincides with the macroscopic loss of strong ellipticity. In the uni-
axial case the Kð0Þ condition is eventually violated after the macro-
scopic loss of ellipticity both in tension and in compression.
All the above results evidence that the conditions Kð1Þ and Kð2Þ
give conservative predictions in compression. It is worth noting
that in the examined range of strains, in tension the conditions
Kð1Þ, Kð2Þ and Kð0Þ always predict stability. The same consider-
ation applies for the Kð2Þ condition in equibiaxial compression.
Among the proposed conjugated stability measures, the Kð1Þ
condition gives the less conservative prediction of the microscopic
critical load parameter in compression. The macroscopic stability
measure (28) shows the same behavior of the cellular case.
In the case of the reinforced microstructure with a neo-Hookean
material the stability behavior is similar to the Gent material, with
the same sequences of microscopic and macroscopic instabilities.
Therefore, in the sake of brevity, for this material only the critical
values of the load parameters are shown in Table 4.
Consequently, conservative stability predictions can be ob-
tained by using Kð1Þ and Kð2Þ in compression. In addition, when
the inclusion is softer than the matrix also Kð0Þ is able to provide
a conservative prediction.
Finally, it is worth noting that the effect of an inclusion, as ex-
pected, provides a stabilizing inﬂuence with respect to the cellularcase. This stabilizing effect decreases as the inclusion becomes
stiffer.5. Conclusions and discussion
In this work, the problem of the prediction of failure mecha-
nisms induced by microstructural instability phenomena in ﬁnitely
strained composite materials with heterogeneous periodic micro-
structure is studied, by examining a macroscopic model of the
composite developed in the framework of homogenization
methodology.
The above mentioned problem is of notable relevance since an
accurate direct stability analysis of the composite solid, taking into
account all microstructural details, may involve a computational
effort so large as to generally make this approach unviable, owing
to the complexity of microstructural conﬁguration and ﬁnite
changes in constitutive and geometric microstructural properties
occurring under ﬁnite strains.
Unfortunately, existing criteria based on the homogenized con-
stitutive properties may be not able to provide a conservative pre-
diction of microscopic instability mechanisms. As a matter of fact,
the fundamental macroscopic condition introduced in the litera-
ture, corresponding to the strong ellipticity of the homogenized
tangent moduli tensor, is able to provide an exact estimate of the
primary microscopic instability critical load only when the insta-
bility mode has a global character (this circumstance occurs, for in-
stance, in composite materials reinforced with relatively thick
continuous ﬁbers loaded prevalently in compression). On the con-
trary, the criterion based on the strong ellipticity of the homoge-
nized moduli gives an unconservative estimation in the more
general case when the instability mode is local in nature. The latter
kind of instabilities may occur, for instance, in cellular solids and in
composite materials reinforced with relatively thin ﬁbers.
To this end a stability investigation on the micro- and macro-
scales is here developed with reference to incrementally linear
materials. Novel macroscopic constitutive stability measures,
based on the positive deﬁniteness of homogenized moduli tensor
associated with a class of work conjugate stress–strain measures,
D. Bruno et al. / International Journal of Solids and Structures 47 (2010) 2806–2824 2823are introduced and their capability to give a conservative predic-
tion of the primary instability load of the microstructure is for
the ﬁrst time investigated here.
In view to computational applications, an innovative non-linear
ﬁnite element procedure is developed able to solve sequentially
the unit cell principal equilibrium problem, the incremental equi-
librium problems giving the homogenized tangent moduli and
the stability eigenvalue problem along a given monotonic macro-
strain path.
The proposed approach is applied to some representative
microstructures with hyperelastic constituents adopting com-
pressible strain energy functions corresponding to Gent or neo-
Hookean models. Two kinds of microgeometries are considered:
a composite solid with a square arrangement of circular inclusions
and a cellular material with a square distribution of circular voids.
Numerical stability analyses are carried out with reference to both
uniaxial and equibiaxial macrostrain loading paths.
Numerical examples highlight that the presence of a circular
inclusion, although when softer than the matrix material, provides
a stabilizing effect in comparison with the case of the cellular
material. Moreover, the main differences in stability analyses for
the two analyzed constitutive laws, are exhibited in tension espe-
cially for high levels of macrostrain.
The main result of this work is that while the critical load levels
at the onset of microscopic and macroscopic instability are inﬂu-
enced by both the kind of microstructure (which in turn depends
on the constitutive law of the constituents and on the microgeom-
etry conﬁguration) and the type of macroscopic loading path, their
sequence depends only on the tensile or compressive nature of the
macroscopic loading path, when special macroscopic stability
measures are considered. Consequently, a conservative prediction
of the primary microstructural instability load can be obtained
by using an appropriate macroscopic stability criterion.
Speciﬁcally, results show that in the tensile case a conservative
prediction of the microscopic instability load can be obtained by
using the positiveness condition for the homogenized moduli ten-
sor related to the Lagrange strain measure, Kð2Þ, namely bð2ÞþcM < b
þ
c .
The same conclusion can be done with reference to the condition
Kð1Þ associated to the Biot strain measure, i.e. bð1ÞþcM < b
þ
c , with the
only exception of the cellular material under uniaxial tension.
On the other hand, a conservative prediction in compression re-
quires the use of stability measures based on homogenized moduli
tensor whose corresponding strain measures are characterized by a
negative value of the integer m characterizing the Hill’s scale func-
tion (Hill, 1968), namely the conditions Kð1Þ and that associated to
the Almansi strain measure, Kð2Þ. As a matter of fact, it turns out
that bc < b
ð1Þ
cM < b
ð2Þ
cM .
Future developments of this work will be devoted to additional
microgeometries, including defected composites with imperfectly
bonded ﬁbers, and loading paths, in order to assess the validity
of the above conclusions for the most common types of composite
materials.Notation
The standard symbolic notation is used, where boldface letters
represents vectors and tensors. Summation convention is em-
ployed and subscripts denote components on a ﬁxed rectangular
coordinate system. A dot between vectors and tensors denotes
the scalar product:
A  B! AiBi or AijBij;
while the product between a tensor and a vector, two tensors or a
fourth-order tensor and a second-order one, is denoted, respec-
tively, as:AB ! AijBj or AijBjk or AijhkBhk:
The tensor product between two vectors or tensors is denoted as:
A B! AiBj or AijBhk:
An upper index ‘T’ denotes a transpose (AT)ij = Aji.
Det(A) denotes the determinant of the 3  3 matrix which has
elements Aij.
tr(A) denotes the trace of the tensor A, Aii.
kAk indicates the square root of tr(ATA).
A superposed dot over a symbol denotes differentiation by the
time-like parameter s and the subscript zero means evaluation at
s = 0. o(sn) or o(sn) denotes scalar or vectorial quantities, respec-
tively, approaching zero faster than sn as s? 0. O(sn) denotes
nth order terms in s.
The abbreviated notation f(x) # or # will be used to denote the
periodic or antiperiodic properties of the ﬁeld f(x), respectively.
The notations @//@F, @2//@F2 denote a second-order or a fourth-
tensor whose Cartesian components are deﬁned by (@//@F)ij = @//
@Fij and (@2//@F2)ijhk = @2//@Fij@Fhk, respectively.References
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